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Safe operation and reliability of the electrical power systems necessitate full observability of the power
grid. Phasor measurement units (PMUs) are the state-of-the-art intelligent devices that collect synchro-
nized phasors of voltages and currents in real time. It is not economically justifiable to install PMUs at all
buses of the power grid. Hence, designing the PMUs network and determining their optimal placement in
the power grid is an investment decision. In this paper, we propose a new investment decision model to
determine the optimal placement of PMUs that guarantees the full observability of the power grid.
Network observability rules are applied to reduce the capital cost of installing PMUs. A
problem-specific genetic algorithm is developed to determine the optimal investment decision. The
N � 1 reliability requirement of the power grid has been integrated in the model as well to obtain the
resilient network design against all single contingencies such as failure of a PMU or a transmission line.
Furthermore, a two-phase investment plan is proposed, which provides the power system investors with
more flexibility and avoids unnecessary investment costs. In the first phase, PMUs are installed to achieve
full observability of the power grid whereas additional PMUs will be installed in the second phase to
guarantee the full observability in case of single contingencies. To test the efficacy of the proposed model,
experiments are conducted on multiple IEEE test systems with and without considering zero-injection
buses. The results are compared to the other methods such as integer linear programming and heuristic
methods. The analysis shows that the proposed approach is promising and verifies its efficacy.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Wide-area monitoring and full network observability of electri-
cal power systems in real time was impractical until the emer-
gence of phasor measurement units (PMUs). PMUs are the
intelligent measurement devices that measure synchronized pha-
sors of voltages and currents in real time (Singh, Sharma, Tiwari,
Verma, & Singh, 2011). Synchronization is achieved by timing sig-
nals from the global positioning system (GPS) satellite with accu-
racy in the order of 1 microsecond. In the future, it is expected
that at least 10,000 PMUs, each taking about 10–30 measurements
per second, will be installed on the smart grid (Briman, Ganesh, &
van Renesse, 2011).

To ensure the full observability of the power system, voltage
phasors of all buses should be either directly measured or com-
puted from other measurements (Monticelli, 1999). Two types of
observability have been addressed in the literature, numerical
and topological observability. A network is numerically observable
if the measurement Jacobian matrix is of full rank (Antonio,
Torreao, & Filho, 2001). Computations involving the measurement
Jacobian matrix are extensive because of the iterative procedure
of matrix manipulations (Sodhi, Srivastava, & Singh, 2010).
Alternatively, topological observability considers interconnections
among the buses and network observability rules to obtain the
state vector of the power system. Unlike a conventional measure-
ment device, a PMU can measure the current phasors of multiple
lines and provide measurements to compute the voltage phasors
of adjacent buses. Thus, there is no need, in terms of observability,
to install a PMU at all buses.

The optimal PMU placement (OPP) problem considers the min-
imum number of PMUs and their installation locations that make
the power system observable. Factors such as considering (or not
considering) single contingencies, also known as N � 1 observabil-
ity, and zero-injection buses create four main classes of the OPP
problem as follows.
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1. Optimal placement without considering zero-injection buses
and single contingencies

2. Optimal placement including zero-injection buses and not
considering single contingencies

3. Optimal placement considering single contingencies and not
including zero-injection buses

4. Optimal placement considering single contingencies and
zero-injection buses

Recently, these classes of the OPP problem have been studied by
several researchers. Integer programming is used in Xu and Abur
(2005), Azizi, Dobakhshari, Sarmadi, and Ranjbar (2012a) and Xia,
Gooi, Chen, and Wang (2015) to find the optimal placement of
PMUs for the mentioned classes. The authors in Azizi et al.
(2012) applied integer linear programming (ILP) to solve the OPP
problem considering conventional measurement units and single
contingencies. Reviewing the results obtained by Azizi et al.
(2012), given in Table 1, reveals that considering single contingen-
cies increases the investment costs significantly, at least twice the
initial costs in many cases. Therefore, a utility company may prefer
to install PMUs in two phases to afford the substantial capital cost
of installing PMUs. In the first phase, PMUs are installed to make
the power grid fully observable by PMUs and postpone the N � 1
observability placement to the second phase. However, installing
PMUs in the first phase should be done wisely to avoid any unnec-
essary additional investment in the second phase. In this study, we
propose a method that provides investors with flexibility on
whether to install all PMUs in one or in two phases while avoiding
any potential unnecessary investment costs.

Furthermore, since ILP solvers suffer from the curse of
dimensionality, ILP methods are prohibitive for large power sys-
tems. Hence, other researchers have studied heuristic and
meta-heuristic methods to solve different classes of the OPP prob-
lem. In Baldwin et al. (1993) and Nuqui and Phadke (2005), simu-
lated annealing is used to solve the second class of the OPP
problem. Similarly, an immunity algorithm is developed by
Aminifar, Lucas, Khodaei, and Fotuhi-Firuzabad (2009) to solve
the second class of the OPP problem. However, the solutions
obtained by the mentioned methods on larger power systems are
not the optimal placements comparing to the solutions provided
by ILP. Therefore, developing a heuristic or meta-heuristic method
is necessary that performs as well as an ILP method specially on
larger systems. Authors in Liao, Hsieh, Guo, Liu, and Chu (2015)
developed a hybrid search algorithm to solve the second class of
the OPP problem. Although their model has a better performance,
it does not consider single contingencies. Likewise, other
meta-heuristic methods such as tabu search in Peng, Sun, and
Wang (2006) and binary particle swarm optimization in Ahmadi,
Alinejad-Beromi, and Moradi (2011) have been applied to solve
the OPP problem, but single contingencies have not been inte-
grated in the proposed methods. The authors in Mahari and
Seyedi (2013) studied the second and forth classes of the OPP prob-
lem and have considered single line outage and single PMU failure
separately. A more comprehensive approach is developed by Roy,
Sinha, and Pradhan (2012) to tackle all classes of the OPP problem.
In this approach, an iterative three-stage heuristic method has
been introduced where in the first two stages less important and
strategically important buses are determined, and the last stage
Table 1
Optimal number of PMUs for full observability with ZIBs (Azizi et al., 2012).

Power system Minimum observability Single contingencies

IEEE 30-bus 7 14
IEEE 39-bus 8 17
IEEE 57-bus 11 22
returns the optimal solution using a pruning operation. However,
the solution obtained by Roy et al. (2012) lacks accuracy when con-
sidering single contingencies and zero-injection buses. Hence, we
propose a new comprehensive method that can be used to solve
all classes of the OPP problem, is resilient against all types of single
contingencies, obtains comparable solutions to those obtained by
ILP methods, and provides power system investors with the bene-
fits of the two-phase investment plan. We develop our method
based on the genetic algorithm (GA). GA is well-known to have
superior performance on solving discrete-binary optimization
problems. The main reason is that genetic algorithms use a parallel
search from a population of points to avoid being trapped in local
optimal solution. Besides, GA has been used successfully in related
power system optimization problems. It has been used to find opti-
mal power flows (Bakirtzis, Biskas, Zoumas, & Petridis, 2002),
select contingencies in the static security analysis of power sys-
tems (Santos, Costa, & Nogueira, 2015), solve the unit commitment
problem (Dudek, 2013; Kazarlis, Bakirtzis, & Petridis, 1996), and
find the optimal location of multi-type FACTS devices (Gerbex,
Cherkaoui, & Germond, 2001). Moreover, it is expected to find mul-
tiple optimal solutions for the OPP problem since it is a
discrete-binary optimization problem. Another advantage of the
genetic algorithms, as a population-based heuristic, is that it can
be designed to provide multiple alternative optimal solutions as
well. Alternative optimal solutions, obtained from the last popula-
tion of the algorithm, are necessary in determining the optimal
two-phase PMU placement plan. Our GA results are compared to
the results available in the literature that have used integer linear
programming and other meta-heuristic methods to solve the OPP
problem. Furthermore, a two-phase optimal PMU placement
approach using the developed GA is described. In the first phase,
PMUs are installed to achieve full observability of the power grid
whereas additional PMUs will be installed in the second phase to
guarantee the full observability considering single contingencies.
The two-phase optimal PMU placement approach gives investors
more flexibility on whether to install all PMUs in one or in two
phases while avoiding any potential unnecessary investment costs.

The rest of this paper is organized as follows: Section 2
describes the optimal PMU placement model. Section 3 discusses
developed genetic algorithm for obtaining the optimal allocation
of PMUs. Section 4 provides some experimental results and
describes the two-phase investment plan and Section 5 reports
the conclusions.
2. Optimal PMU placement model

The optimal PMU placement problem is defined as finding the
installation location of PMUs required for the observability of the
power system such that the total investment cost is minimized.
Network observability rules can be used to avoid installing PMUs
at all buses and reduce associated costs.

2.1. Network observability rules

The network observability rules for topological observability of
the power system are given in Ahmadi et al. (2011) and are
described here.

Rule 1: If a PMU is installed at bus i, then the voltage phasor of
bus i and current phasors of all incident transmission lines to
bus i are measured by this PMU (Fig. 1).
Rule 2: If the voltage phasor on one end of a transmission line
and the current phasor of the transmission line are measured,
the voltage phasor on the other end of the transmission line
can be calculated (Fig. 2).



Fig. 2. Network observability rule 2.

Fig. 3. Network observability rule 3.

Fig. 5. Network observability rule 5.

Fig. 6. Network observability rule 6.

Fig. 1. Network observability rule 1.
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Rule 3: If the voltage phasors on both ends of a transmission
line are measured, the current phasor of the transmission line
can be calculated (Fig. 3).
Measurements obtained by Rule 1 are direct measurements.
Rules 2 and 3 provide pseudo measurements. Moreover,
zero-injection buses (ZIBs), which do not inject currents into
the system, have the potential to reduce the number of required
PMUs for observability of the power system. The following rules
given in (Ahmadi et al., 2011) and known as extended measure-
ments can be applied to reduce the number of PMUs consider-
ing zero-injection buses.
Rule 4: If there is a zero-injection bus whose current phasors on
all incident transmission lines are known but one, Kirchhoff’s
circuit law can be used to calculate the current phasor on the
other transmission line (Fig. 4).
Rule 5: The voltage phasor of a zero-injection bus can be
obtained if the voltage phasors on all adjacent buses are known
(Fig. 5).
Rule 6: The voltage phasors of a group of zero-injection buses
can be calculated if the voltage phasors on all adjacent buses
to the group are known (Fig. 6).

2.2. Optimal PMU placement model

The following nomenclature is used to describe the optimal
PMU placement problem.
Fig. 4. Network observability rule 4.
Nomenclature

Sets and indices

X set of buses
i; j indices of buses
Constants

aj observability number of bus j

Cj cost of installing a PMU at bus j

Hi;j binary parameter that equals to 1 if there is a transmission
line between bus i and bus j, and 0 otherwise
Decision variables

xj binary decision variable which is equal to 1 if bus j is
equipped with a PMU, and 0 otherwise

The objective function of the OPP problem is given in Eq. (1). It
minimizes the investment cost of PMUs.

Z ¼min
x

X

j2X
Cjxj ð1Þ

Since a PMU at bus j can make all the adjacent buses observable by
measuring the current phasors of the incident lines, the observabil-
ity number of the buses without considering zero-injection buses
can be obtained by Eq. (2) using the network observability rules 1
and 2.

ai ¼
X

j2X
Hi;jxj 8i 2 X ð2Þ

where aj is the number of PMUs that make bus j observable, also
known as the observability number of bus j. To have a topologically
observable power system, the observability number of all buses
should be greater than or equal to 1. Therefore, Eq. (3) is necessary.

ai P 1 8i 2 X ð3Þ

Eqs. (1)–(3) assure the full observability of the power system with a
minimum number of PMUs. When there are zero-injection buses in
the power grid, the network observability rules 4–6 can be applied
to reduce the number of PMUs even more.



Fig. 7. Crossover mechanism.
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3. Methodology

3.1. Genetic algorithm

In this paper, genetic algorithm (GA) is used to solve the OPP
problem. The GA, introduced by Holland (1975) in 1975 as an opti-
mization method, is a randomized-search heuristic. It is inspired
by natural evolution such as inheritance, crossover and mutation.
GAs are based on the following mechanisms, discussed in Tate
and Smith (1995), to find the optimal solution from initial popula-
tion(s) of usually feasible solutions:

1. Selection mechanism for prioritizing the individual solutions
with better objective function values to share their features in
generating new feasible solutions.

2. Reproduction mechanism for combining features of the
selected individual solutions to generate new feasible
solutions.

3. Mutation mechanism for maintaining population diversity
among generations to generate a new feasible solution by
random perturbation of a single known solution.

4. Culling mechanism for replacement of current solutions with
newly generated feasible solutions.

These four mechanisms are repeated from one generation to the
next until certain termination criterion is met. The following sub-
sections define the genetic encoding and mechanisms that are used
in the proposed GA.

3.2. Solution encoding

The OPP problem is encoded such that it can be solved by the
genetic algorithm. Since the decision is where to install PMUs, bin-
ary values are assigned to the buses. The value 1 indicates that a
PMU should be installed and 0 indicates otherwise. The problem
is encoded as a binary string with its size determined by the num-
ber of buses in the network.

3.3. Fitness function

The fitness function represents the investment cost of installing
PMUs for a certain solution. The fitness function of the developed
GA is given in Eq. (4).

Fitness ¼
X

j2X
Cjxj ð4Þ
3.4. Parent selection

Tournament is used as the selection mechanism. A proportion,
c, of the current population is randomly selected for the tourna-
ment. The two bit strings with the lower fitness function values
are selected to breed two offspring.

3.5. Crossover and mutation

Standard single point crossover is considered as the reproduc-
tion mechanism where the crossover location is at the middle of
the bit strings. The crossover mechanism is depicted in Fig. 7.
Afterwards, the two created offspring are mutated. For the muta-
tion mechanism, all bits are flipped with probability Pm.

3.6. Repair mechanism

Offspring may be infeasible solutions after crossover and muta-
tion, which necessitates a repair mechanism to ensure feasibility.
The individual solutions of the initial population may be infeasible.
However, next generations will always be feasible solutions by
embedding a repair mechanism to the breeding process. For the
repair mechanism, bits with the value of zero are randomly
selected to be flipped. At each bit selection, the feasibility of the
offspring is checked and the same process is repeated until feasibil-
ity is achieved. Next, bits with the value of one are flipped to zero
one by one in a random order to remove redundant PMUs. The bit
value remains zero if it does not affect the feasibility of the solu-
tion. Otherwise, it is changed back to 1.

3.7. Termination criterion

In the algorithm, the process stops if it does not improve the
best solution in m consecutive generations.

3.8. Evolution of current population

At the beginning of the algorithm, an initial population of p bin-
ary strings is randomly generated. The length of the binary strings
is equal to the number of buses. Parents are chosen from the cur-
rent population to procreate a new population of solutions
throughout crossover and mutation. Two parents breed two off-
spring which are set in competition for survival with their parents.
The first offspring replaces the first parent if the parent is an infea-
sible solution or if the parent is a feasible solution but with a
higher fitness function value than the offspring’s. If the first off-
spring does not replace the first parent, it competes with the sec-
ond parent. Next, the second offspring competes with the
survived parents. The evolution process repeats until the termina-
tion criterion is met. The flow diagram of the proposed genetic
algorithm is shown in Fig. 8.

3.9. Parameter tuning

The IEEE 24-bus test system without zero-injection buses is
used to tune the parameters. The performance of the algorithm is
tested on smaller and larger test systems in the experimental
results section. A diagram of the 24-bus test system is provided
in Fig. 9. Additional details of the system can be obtained in
Subcommittee (1979) and Zimmerman, Murillo-Sanchez, and
Thomas (2011). It is assumed that all PMU installation costs are
equal to 1.

The minimum number of PMUs required to have the 24-bus
system observable is obtained by complete enumeration. It is
found that at least seven PMUs are required to make the 24-bus
system observable. They are located in buses 3, 4, 7, 10, 16, 21
and 23. This result is used to tune four parameters of the proposed
GA. To tune the mutation probability, an experiment is run to
determine how fast the algorithm obtains the optimal solution
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Fig. 9. IEEE 24-bus test system.

Table 2
Effect of the mutation probability.

Pm Generation number of the first optimal solution

0 12
0.25 10
0.50 12
0.75 7
1 10

Table 3
Best fitness function value for values of p and m.

p

m 25 50 100 250 500

5 8 8 8 7 7
10 8 8 7 7 7
25 8 7 7 7 7
50 7 7 7 7 7

100 7 7 7 7 7
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for different values of the mutation probability Pm. The results are
given in Table 2. The mutation probability of 0.75 is chosen
because it obtains the optimal solution in the smallest number of
generations.

For the selection tournament, the value of c is arbitrarily set to
30%. The GA is run with different values of p and m to tune the pop-
ulation size and the termination criterion. The results of the best
fitness function value are given in Table 3, and the CPU times in
Table 4.

Table 3 shows that the algorithm finds the optimal solution for
all values of the termination criterion with populations of either
250 or 500. Similarly, it finds the optimal solution for all given pop-
ulation sizes if the termination criterion is greater than or equal to
50. Therefore, an initial population size of 250 is chosen, and as ter-
mination criterion no improvement after 50 consecutive
generations.



Table 4
GA CPU time in seconds for values of p and m.

m p

25 50 100 250 500

5 1.0 2.5 1.3 2.4 3.5
10 1.4 3.5 3.0 3.8 4.3
25 4.0 5.4 5.4 5.8 6.8
50 6.3 7.5 7.5 9.1 10.2
100 10.4 12.1 12.2 15.4 16.3

Table 7
Alternative OPP solutions without ZIBs.

Power system PMU locations Number

IEEE 14-bus 2, 7, 11, 13 4
IEEE 24-bus 3, 4, 7, 10, 16, 21, 23 7
IEEE 30-bus 3, 6, 7, 10, 11, 12, 15, 20, 25, 29 10
IEEE 39-bus 2, 6, 9, 12, 14, 17, 22, 23, 25, 29, 32, 33, 34 13
IEEE 57-bus 1, 4, 9, 19, 22, 26, 29, 30, 32, 36, 41, 45, 46, 47, 50,

54, 57
17

IEEE 118-bus 2, 7, 9, 11, 12, 17, 21, 25, 28, 34, 37, 42, 45, 49, 53,
56, 62, 64, 72, 73, 75, 77, 80, 85, 87, 91, 94, 102,
105, 110, 114, 116

32

Table 8
Alternative placements of the 57-bus test system without ZIBs.

Placement PMU locations

S1 3, 6, 12, 15, 19, 22, 25, 27, 32, 36, 39, 41, 45, 47, 50, 52, 55
S2 2, 6, 12, 19, 22, 25, 27, 32, 36, 39, 41, 45, 46, 49, 51, 52, 55
S3 2, 6, 12, 19, 22, 25, 27, 32, 36, 39, 41, 45, 46, 49, 50, 52, 55
S4 2, 6, 12, 19, 22, 25, 27, 29, 32, 36, 41, 45, 46, 49, 51, 52, 54
S5 2, 6, 12, 15, 19, 22, 25, 27, 32, 36, 41, 44, 47, 50, 52, 54, 57
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4. Experimental results

To test the performance of the proposed genetic algorithm, data
from the IEEE Reliability Test Systems (Subcommittee, 1979) is
used. The experiments are conducted on the IEEE 14-bus, IEEE
24-bus, IEEE 30-bus, IEEE 39-bus, IEEE 57-bus and IEEE 118-bus
test systems with and without considering zero injection buses.
Also, single PMU failure is considered and the optimal PMU place-
ment results with and without considering zero-injection buses
are provided.
S6 2, 6, 12, 13, 19, 22, 25, 27, 32, 36, 39, 41, 44, 47, 50, 52, 54
S7 1, 4, 9, 19, 22, 26, 29, 30, 32, 36, 41, 45, 46, 49, 51, 54, 57
S8 1, 4, 9, 19, 22, 26, 29, 30, 32, 36, 41, 45, 46, 47, 50, 54, 57
4.1. Optimal PMU placement without considering zero-injection buses

The developed GA is used to find the optimal locations of the
PMUs. Table 5 provides the results for the minimum number of
PMUs required to make the power systems observable without
considering ZIBs. The results of the proposed method are compared
with available PMU placement methods in Table 6. In this case, the
results show that the performance of the proposed GA in terms of
the best solution is similar to the other methods reported in the
literature.

One of the advantages of solving this problem with a genetic
algorithm is that alternative optimal solutions can be provided.
Alternative solutions give the power system developers more flex-
ibility in selecting the location of the PMUs. Moreover, alternative
solutions can be evaluated in terms of a second metric such as reli-
ability. As a case in point, Table 7 shows an alternative solution for
each of the test systems and Table 8 lists a set of alternative solu-
tions for the IEEE 57-bus system.
Table 5
Proposed PMU locations by GA without ZIBs.

Power system PMU locations Number

IEEE 14-bus 2, 6, 8, 9 4
IEEE 24-bus 2, 8, 10, 16, 21, 23, 24 7
IEEE 30-bus 3, 6, 7, 9, 10, 12, 19, 24, 26, 30 10
IEEE 39-bus 2, 6, 9, 12, 14, 17, 20, 22, 23, 29, 32, 33, 37 13
IEEE 57-bus 3, 6, 12, 15, 19, 22, 25, 27, 32, 36, 39, 41, 45, 47,

50, 52, 55
17

IEEE 118-bus 3, 6, 9, 11, 12, 17, 21, 25, 29, 34, 37, 42, 45, 49, 52,
56, 62, 63, 68, 72, 73, 75, 77, 80, 85, 86, 91, 94,
102, 105, 110, 114

32

Table 6
Comparative results with other methods without considering ZIBs.

Power system Proposed GA Ref. Roy et al.
(2012)

Ref. Xu and Abur
(2005)

IEEE 14-bus 4 4 4
IEEE 24-bus 7 7 –
IEEE 30-bus 10 10 10
IEEE 39-bus 13 13 –
IEEE 57-bus 17 17 17
IEEE 118-bus 32 32 32
4.2. Optimal PMU placement considering zero-injection buses

The proposed genetic algorithm is used to find the optimal
placement of PMUs for each of the test systems now considering
zero injection buses. The results are given in Table 9 and compared
in Table 10 with other available methods including the integer lin-
ear programming (ILP) based method proposed in Azizi et al.
(2012). Comparative results show that GA obtains the same and
in some cases a better solution than the other methods.
4.3. N � 1 optimal PMU placement without zero-injection buses

The optimal placement with minimum number of PMUs may
not meet the reliability requirements of the power system. In fact,
failure of any PMU affects the full observability of the power grid in
such placements. Alternatively, the N � 1 observability placement
can be considered in which a single PMU failure does not affect
the full observability of the power system. To have an N � 1
observable power system, the voltage phasor of each bus should
be measured at least two times, a P 2. Hence, the proposed
genetic algorithm is used to find the N � 1 observability placement
for each of the test systems. The results of the N � 1 observability
placement without considering ZIBs are provided in Table 11 and
compared with the available methods in Table 12. Comparative
results show that the proposed GA obtains the same and in some
cases a better solution than the other methods.
4.4. N � 1 optimal PMU placement considering zero-injection buses

In this section, the optimal allocation of PMUs for the N � 1
observability placement considering ZIBs is studied. The results
obtained from the developed GA are given in Table 13 and com-
pared to the other available methods in Table 14. Comparative
results show that GA obtains the same and in some cases a better
solution than the other methods. Notice that the performance of
the proposed GA is comparable with the integer linear program-
ming based method introduced in Azizi et al. (2012).



Table 9
Proposed PMU locations by GA with ZIBs.

Power system ZIB locations PMU locations

IEEE 14-bus 7 2, 6, 9
IEEE 24-bus 11, 12, 17, 24 2, 8, 10, 15, 20, 22
IEEE 30-bus 6, 9, 22, 25, 27, 28 1, 7, 12, 17, 19, 24, 30
IEEE 39-bus 1, 2, 5, 6, 9, 10, 11, 13, 14, 17, 19, 22 3, 8, 13, 16, 23, 25, 29, 34
IEEE 57-bus 4, 7, 11, 21, 22, 24, 26, 34, 36, 37, 39, 40, 45, 46, 48 1, 6, 13, 19, 25, 29, 32, 38, 51, 54, 56
IEEE 118-bus 5, 9, 30, 37, 38, 63, 64, 68, 71, 81 1, 6, 8, 12, 15, 17, 21, 25, 29, 34, 40, 45, 49, 53, 56, 62, 72, 75,

77, 80, 85, 86, 90, 94, 101, 105, 110, 114

Table 10
Comparative results with other methods considering ZIBs.

Power system Proposed GA Ref. Roy et al. (2012) Ref. Xu and Abur (2005) Ref. Azizi et al. (2012) Ref. Aminifar et al. (2009)

IEEE 14-bus 3 3 3 – 3
IEEE 24-bus 6 6 – – –
IEEE 30-bus 7 7 7 7 7
IEEE 39-bus 8 8 – 8 –
IEEE 57-bus 11 11 12 11 11
IEEE 118-bus 28 28 28 28 28

Table 11
Proposed PMU locations by GA considering single PMU failure without ZIBs.

Power system PMU locations

IEEE 14-bus 2, 4, 5, 6, 7, 8, 9, 10, 13
IEEE 24-bus 1, 2, 7, 8, 9, 10, 11, 15, 16, 17, 20, 21, 23, 24
IEEE 30-bus 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 17, 19, 20, 21, 24, 25, 26,

29, 30
IEEE 39-bus 1, 2, 3, 6, 8, 9, 10, 12, 13, 14, 16, 17, 19, 20, 22, 23, 25, 26, 29–

38
IEEE 57-bus 1, 3, 4, 6, 9, 12, 15, 19, 20, 22, 24, 25, 26, 28, 29, 31, 32, 33,

35, 36, 38, 39, 41, 43, 45, 46, 47, 50, 51, 53, 54, 56, 57
IEEE 118-bus 2, 3, 5, 7, 9, 10, 11, 12, 15, 17, 19, 21, 22, 26, 27, 28, 29, 30,

32, 34, 36, 37, 40, 42, 44, 45, 46, 49, 50, 52, 53, 56, 58, 59, 62,
64, 65, 67, 68, 70, 71, 72, 73, 75, 77, 79, 80, 83, 85, 86, 87, 89,
91, 92, 94, 96, 100, 102, 105, 107, 109, 110, 111, 112, 115,
116, 117, 118

Table 12
Comparative results with other methods for single PMU failure without ZIBs.

Power system Proposed GA Ref. Dua et al.
(2008)

Ref. Xu et al.
(2005)

IEEE 14-bus 9 9 9
IEEE 24-bus 14 – –
IEEE 30-bus 21 – –
IEEE 39-bus 28 – –
IEEE 57-bus 33 33 35
IEEE 118-bus 68 68 72

Table 13
Proposed PMU locations by GA considering single PMU failure with ZIBs.

Power system PMU locations

IEEE 14-bus 2, 4, 5, 6, 9, 11, 13
IEEE 24-bus 1, 2, 7, 8, 9, 10, 15, 16, 17, 20, 22, 23
IEEE 30-bus 1, 3, 5, 7, 10, 12, 13, 15, 16, 19, 20, 24, 27, 30
IEEE 39-bus 3, 11, 13, 14, 16, 18, 20, 21, 23, 25, 28, 29, 31, 34, 36, 37, 38
IEEE 57-bus 1, 3, 8, 9, 12, 15, 18, 19, 25, 28, 29, 30, 32, 33, 41, 44, 48, 50,

51, 53, 54, 56
IEEE 118-bus 2, 3, 7, 9, 10, 12, 13, 15, 17, 19, 21, 22, 26, 27, 29, 31, 32, 35,

36, 40, 42, 43, 44, 47, 48, 49, 52, 53, 56, 57, 58, 59, 62, 67, 70,
71, 72, 75, 77, 79, 80, 84, 85, 86, 87, 89, 91, 92, 94, 96, 100,
102, 105, 107, 109, 110, 111, 112, 115, 117, 118

Table 14
Comparative results with other methods for single PMU failure with ZIBs.

Power
system

Proposed
GA

Ref. Roy et al.
(2012)

Ref. Xu and
Abur (2005)

Ref. Azizi
et al. (2012)

IEEE 14-bus 7 7 7 –
IEEE 24-bus 12 13 – –
IEEE 30-bus 14 15 17 14
IEEE 39-bus 17 18 – 17
IEEE 57-bus 22 26 26 22
IEEE 118-bus 61 64 65 61
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4.5. Use of alternative solutions

Alternative solutions provided by the GA are utilized to meet
N � 1 observability in a two-phase investment plan. In the first
phase, the utility invests to assure full observability of the power
system with a minimum investment on PMUs. In the second phase,
the utility invests to upgrade the PMU placement to meet the N � 1
observability. To obtain the two-phase investment plan, the GA is
first run to minimize the investment cost without the N � 1
observability. Then, provided alternative solutions are used to
obtain the investment plan for the second phase. For each of the
alternative solutions, PMU locations are set and the GA is run again
to obtain the additional PMU investment for achieving N � 1
observability. The alternative solution that requires the lowest
investment in the second phase is chosen for the placement of
the PMUs in the first phase.

To demonstrate the two-phase investment approach, the IEEE
57-bus system is used. From Table 11, it is known that this test sys-
tem requires 33 PMUs to achieve N � 1 observability in a
single-phase investment plan. To achieve N � 1 observability in
two phases, the eight alternative solutions ðS1 � S8Þ given in
Table 8 are used. For each alternative solution, the number of
PMUs and their locations to achieve the N � 1 observability at
the second-phase are given in Table 15. The best investment plan
is given by U8 which consists of installing 17 PMUs during the first
phase and 16 PMUs during the second phase. Notice that the
single- and two- phase investment plans require the same total
number of PMUs but at different locations. The advantage of the
two-phase plan is that the utility can decide whether to install
all PMUs in one or in two phases.



Table 15
Two-phase investment plan for alternative solutions of the IEEE 57-bus system.

Investment
plan

PMU locations – phase 1 PMUs
phase 1

PMU locations – phase 2 PMUs
phase 2

Total

U1 3, 6, 12, 15, 19, 22, 25, 27, 32, 36, 39, 41, 45, 47, 50, 52, 55 17 1, 4, 9, 20, 24, 26, 29, 30, 33, 35, 38, 43, 46, 51, 54, 56, 57 17 34
U2 2, 6, 12, 19, 22, 25, 27, 32, 36, 39, 41, 45, 46, 49, 51, 52, 55 17 1, 4, 9, 15, 20, 23, 26, 29, 30, 33, 34, 37, 43, 44, 47, 50, 53, 56 18 35
U3 2, 6, 12, 19, 22, 25, 27, 32, 36, 39, 41, 45, 46, 49, 50, 52, 55 17 1, 4, 9, 10, 14, 20, 23, 26, 29, 30, 33, 35, 43, 44, 48, 54, 56, 57 18 35
U4 2, 6, 12, 19, 22, 25, 27, 29, 32, 36, 41, 45, 46, 49, 51, 52, 54 17 1, 4, 9, 11, 15, 20, 24, 28, 31, 33, 35, 38, 39, 47, 50, 55, 56, 57 18 35
U5 2, 6, 12, 15, 19, 22, 25, 27, 32, 36, 41, 44, 47, 50, 52, 54, 57 17 1, 4, 9, 20, 24, 28, 29, 31, 33, 35, 38, 39, 43, 46, 51, 55, 56 17 34
U6 2, 6, 12, 13, 19, 22, 25, 27, 32, 36, 39, 41, 44, 47, 50, 52, 54 17 1, 4, 9, 20, 24, 26, 29, 31, 33, 35, 38, 43, 45, 46, 51, 55, 56, 57 18 35
U7 1, 4, 9, 19, 22, 26, 29, 30, 32, 36, 41, 45, 46, 49, 51, 54, 57 17 3, 6, 12, 15, 20, 24, 28, 31, 33, 35, 38, 39, 43, 47, 50, 53, 56 17 34
U8 1, 4, 9, 19, 22, 26, 29, 30, 32, 36, 41, 45, 46, 47, 50, 54, 57 17 3, 6, 12, 15, 20, 24, 28, 31, 33, 35, 37, 38, 43, 51, 53, 56 16 33

Table 16
GA computational times (s).

Power system OPP without
ZIBs

OPP with
ZIBs

N � 1 OPP
without ZIBs

N � 1 OPP
with ZIBs

IEEE 14-bus 4.1 7.6 5.8 9.8
IEEE 24-bus 9.1 10.1 9.7 14.9
IEEE 30-bus 10.4 23.2 11.8 34.4
IEEE 39-bus 12.9 45.1 30.4 67.3
IEEE 57-bus 19.2 281.3 36.1 487.4
IEEE 118-bus 85.3 395.1 101.1 584.6
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4.6. Computational time analysis

All experiments were performed on a 64-bit laptop with an
Intel Core i5 2.4 GHz processor and 4 GB RAM. Table 16 summa-
rizes the computational time for obtaining the optimal PMU place-
ments for different cases discussed in this paper. Unfortunately,
the GA CPU times cannot be compared with other methods since
the other researchers did not provide the computational times.
5. Conclusions

It has been discussed that phasor measurement units are the
state-of-the-art intelligent devices that measure synchronized
phasors of voltages and currents in real-time. Due to the substan-
tial capital costs of installing PMUs, the design of the PMU network
in the smart grid was formulated as an investment problem. We
proposed a new model that utilizes network observability rules
and determines the optimal investment decision for the placement
of PMUs in the power grid. The resiliency of the PMU network
against single contingencies, such as failure of PMU or a transmis-
sion line, has been considered in the model. Since genetic algo-
rithm is well-known to have superior performance on solving
discrete-binary optimization problems, a problem-specific genetic
algorithm was developed to solve the proposed model with
and without considering zero-injection buses. Furthermore, a
two-phase PMU placement plan has been proposed that provides
utility companies with flexibility on whether to install all PMUs
in one or in two phases and avoids unnecessary investment costs.
In the first phase, PMUs are installed to make the power grid fully
observable by PMUs and postpone the N � 1 observability place-
ment to the second phase. The performance of the proposed algo-
rithm was tested on several IEEE test systems. The experimental
results were compared with the heuristic, meta-heuristic and inte-
ger linear programming based methods. Analysis showed that the
quality of the solutions obtained from our model is comparable to
those obtained from ILP methods and as good as or better than
those from the other meta-heuristic and heuristic methods.
Furthermore, the alternative optimal solutions provided by our
GA were utilized to determine the optimal two-phase investment
plan.
Experimental results revealed the advantages of our approach.
The proposed GA is accurate in finding the global optimal solu-
tions. The main reason is that genetic algorithm uses a parallel
search from a population of points, not a single point, that avoids
being trapped in local optimums. In all cases studied, our GA pro-
vided the optimal solutions that ILP based methods obtain.
Moreover, a computational time analysis has been provided that
shows our GA reaches to the optimal solution quickly. Moreover,
the population of solutions that GA requires provides the alterna-
tive optimal solutions. Alternative optimal solutions give flexibility
to investors on where to install PMUs. This advantage is used to
find the optimal two-phase investment plan as well that makes
the power grid fully observable and resilient against single contin-
gencies in two phases. The main disadvantage of our approach is
that the optimality of the solution is not guaranteed, which is
the common shortcoming of all heuristic and meta-heuristic meth-
ods compared to the ILP based methods. Hence, the ILP based
methods are recommended when the power system of study is
not large. Also, the PMU channel limitations and measurement
redundancy have not been considered in our model.

In the future, a heuristic-based decision model needs to be
developed to account for PMU channel limitations and measure-
ment redundancy while providing the solutions with the
quality of the ILP-based methods. PMU networks are prone to
cyber-attacks as well. Hence, a decision model for the placement
of the PMUs is necessary that accounts for cyber-attacks and fail-
ures in the communication network. The design of the communica-
tion network itself is of interest as well particularly where PMUs
are placed in service extensively.
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